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Let L be a finite-dimensional Lie algebra over a field k of characteristic 
zero and let V be an L module. If S is a subset of L and i a function from 
S to k, we define the eigenspace V,(S) and the weight space V’(S) of V 
with respect to ;1 (and S) by 
vj,(s)= {UE V~vxES,XU=l”(x)u}, 
v”(S)= {VE VIvxES,3nEN, [x-A(x)]“u=O). 
Particularly, if S has only one element, we use the notations V,+,(s) and 
V”‘“‘(s) instead of V,( {s}) and vi-( {s}) and, if S coincides with L, we write 
V1 and V” instead of V,(L) and V’(L). If V’(S) is nonzero, we call 1 a 
weight of S in V. Remark that, if V is finite-dimensional, V’(S) is the set of 
all u E V such that [x - n(x)]” v = 0 for all x E L, where n is the dimension 
of V. It is clear that V, is a submodule of V, contained in V”. Moreover, if 
V, is nonzero, then I must be a character of L (i.e., A is linear and 
;1( [L, L]) = 0). In [8] Smith asks wether Vi must be nonzero, if V” is non- 
zero. In case V is finite-dimensional, she answers this question affirmatively 
in [9] and she also proves that, in that situation, V” is a submodule of I’. 
These results may be generalized to arbitrary L modules V [Theorem 31. 
We are able to give a new characterization of these weight spaces 
[Theorem 11, Proposition 131 which greatly simplifies their actual com- 
putation. We also take special interest in applying these results to the case 
where V is either the universal enveloping algebra U(L) of L or its division 
ring of quotients D(L). In the latter case, each weight vector of D(L) can 
be written as a quotient of a weight vector of U(L) by a nonzero eigenvec- 
tor (semi-invariant) of U(L) [Proposition 173. Furthermore, we define the 
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Jordan kernel of an L module V with respect to L (a term suggested to us 
by Seligman), notation: Jk( V), to be the direct sum of all nonzero weight 
spaces v” of V with respect to L. An alternative description of this sub- 
module is obtained in Theorem 27. In particular, if L has a split-Cartan 
subalgebra H, then Jk(U(L)) turns out to be the centralizer of L+(x), 
where x is any regular element of L belonging to H [Corollary 281. 
Moreover, the Jordan kernel of U(L) (resp. D(L)) is a graded subalgebra 
which contains the semi-center Sz( U(L)) of U(L) (resp. Sz(D(L)) of D(L)) 
(i.e., the direct sum of all nonzero eigenspaces U(L), (resp. D(L),)) and 
coincides with the semi-center of U(L) (resp. D(L)) in case L has a Cartan 
subalgebra whose elements are all semisimple [Proposition 19, 
Corollary 201. Furthermore, Jk(D(L)) is the localization of Jk( U(L)) at 
the multiplicative system of all nonzero semi-invariants of U(L) 
[Corollary 181. Finally, if L has a split-Cartan subalgebra, we obtain a 
gradation on the center Z( U(L,)) of U(L,), where L, is the intersection of 
the kernels of all weights 3,, of which the homogeneous elements are the 
weight vectors of U(L) belonging to Z( U(L,)); i.e., Z( U(L,)) = 
@ [U(L)” n Z( U(L,))] where the direct sum ranges over all weights i 
[Proposition 301. 
The following lemma and its subsequent proposition will play a crucial 
role in this paper, since they allow to reduce certain problems to the finite- 
dimensional case. 
LEMMA 1. Let {x,, x2 ,..., x,} he a basis for L over k and c(, , CQ ,..., c(,, E k. 
Then ,for each positive integer t 
Proqf: Denote (C:= , U( L)(x, - IX,)‘) @CO s ~, <, kx;*x;2. x2 by R. By 
the PoincarC&Birkhoff-Witt theorem [3, Theorem 2.1.1 l] it is sufficient to 
show that x”‘xsz. . . x2 E R for all nonnegative integers s, (1 < i < n). Denote 
x;‘x;2.. x> by’x’ where s = (s,, sz,..., s,) and define IsI = s, + s2 + ... +s,. 
We want to show that x5 E R by induction on (~1. This is obvious if IsI = 0. 
Suppose IsI =m >O. Then x” E U,,,(L)\U,. ,(L) where (U,(L)) denotes 
the canonical filtration on U(L) [3, 2.3.11. Let gr(x”) be the image of xF in 
the graded algebra gr U(L) = @ { U,(L)/U, ~ ,(L)} of U(L) with respect 
to the given filtration. As gr U(L) is a polynomial ring [3,2.3.7], it is easy 
to see by the division algorithm and an induction argument on n that 
gr(x”) = gr(u) for some u E R. Hence, xs = 1* + v for some v E U, ,(L). By 
the induction hypothesis, v E R and so xX = u + v E R. The other inclusion is 
obvious. 
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PROPOSITION 2. Let V be an L module and 1 a function from L to k. rf 
u E V”, then U(L) v, the L submodule of V generated by v, is finite-dimen- 
sional (over k). 
Proof. Let {x,, x2,..., x,} be a basis for L over k and let t be a positive 
integer such that [xi - A(x,)]’ v = 0 for all 1 6 i 6 n. Then by Lemma 1 and 
the choice of t, U(L) v = COGr,<, kx;lx;2... x;v. So U(L) v is finitely 
generated (as a vector space) and hence finite-dimensional. 
Proposition 2 enables us to generalize the theorem in [9] to arbitrary L 
modules. 
THEOREM 3. If V is an L module and V” is nonzero, then 
(a) I is a character of L, 
(b) V1 is nonzero, 
(c) V’ is a submodule of V. 
Proof Let v E p be nonzero. By Proposition 2, the submodule W= 
U(L) u of V is finite-dimensional and v E W’. By [9, Theorem], 1 is a 
character of L, which proves (a), and W, is nonzero, which proves (b) as 
W, c V,. Furthermore, W* is a submodule of W. So xv E WA c VA for each 
XE L. This proves (c). 
Note that by (a) of Theorem 3, we may from now on restrict our atten- 
tion, without loss of generality, to those weight spaces V” for which A is a 
linear functional on L (notation: 115 L*). 
PROPOSITION 4. Let L be a semisimple Lie algebra and V an L module. If 
V’ is nonzero, then Vi. = VA and I = 0. 
Proof This is an immediate consequence of Proposition 2 and [9, 
Theorem (a)]. 
COROLLARY 5. Let L be a semisimple Lie algebra, If U(L)” is nonzero, 
then U(L)? = Z( U(L)), the center of U(L). Furthermore, zfD(L)” is nonzero, 
D(L)” = Z(D(L)), the center of D(L). 
The following proposition is a generalization of [ 1, Sect. 1, 
Proposition 61. 
PROPOSITION 6. Let V be an L module and A E L* such that V” is non- 
zero. Suppose k’ is an extension of k and set L’ = L Qk k’ and V’ = V@J~ k’. 
Let A’ be the k’-linear extension of 1 to L’. Then V’(L) Qk k’ = V’*(L) = 
P’( L’). 
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Proof. The first equality follows from [ 1, Sect. 1, Proposition 11. To 
prove the second one, observe that, by Theorem 3(a), 1, is a character, since 
k” is nonzero. Hence, p: L -+ gl( V): x + x - n(x) is easily seen to be a Lie 
homomorphism from L to gl( V). Considering V as an L module under the 
representation p, we may assume without loss of generality that A = 0. Each 
element u E V”(L) generates a finite-dimensional submodule W= U(L) u of 
V by Proposition 2, and u E w(L). Let {x,, x2,..., x,} be a basis of L and 
{e,, e2,..., e,} a basis of w” over k. Since p(L) is an L module by 
Theorem 3(a), there exist polynomials P,,(X, 1 x, ,...1 X,) E 
k’CJ’, , X2>..., J’ ,l such that (a; x, + &x2 + . . + a;x,,)” e, = 
C:‘=, P,,(m’, , a; ,..., c(:,) ei for 1 < j < n and c1’, , cc; ,..., ai, E k’. The hypothesis 
implies that (c~,x,+c~~x~+ ... +a,,x,)“e;=O for all 1 <j<n and 
~1,) cc* ,..., a,,, E k. In other words, P,,(a,, az ,..., c(,) = 0 for all 1 < i, j d n and 
a, 7 ~z,..., CI, E k. Since k is infinite, P, = 0 for any 1 < i, j < n. Consequently, 
each element x’ E L’ acts nilpotently on W”(L) and, particularly, on c’. As u 
was arbitrary, each element x’ E L’ acts locally nilpotently on V’“(L). So 
V”(L) c V”‘(L’). The other inclusion is obvious. 
PROPOSITION 7. Let V be an L module and v E V. If i is a character of L, 
then v E vi if and only if for each regular element x of L [3, 1.9.81 there 
exists a nonnegative integer i such that [x - A(x)]’ u = 0. 
ProoJ: As I. is a character of L, p: L + gl( V): x+x- E,(x) is a Lie 
homomorphism. Considering V as an L module under the representation p, 
we may assume without loss of generality that J. = 0. Let u E V such that for 
each regular element x of L there exists a nonnegative integer i such that 
x’u = 0. Then u generates a finite-dimensional submodule W = U(L) u of V. 
Indeed, as the set R of all regular elements of L is a nonempty Zariski open 
subset of L, R” is a nonempty Zariski open subset of L” where m = dim L. 
On the other hand, the set B of all bases of L is also a nonempty Zariski 
open subset of L”. Since L” with the Zariski topology is an irreducible 
topological space [ 1, Appendix I, Proposition 21, R” n B is nonempty. In 
particular, L has a basis consisting of regular elements, say {x, , x2,..., x,}. 
Let t be a positive integer such that xfn = 0 for all 1 d j < m. Then W = 
U(L) u=Coqa kx;lx;2. . x2,-v by Lemma 1. So W is finitely generated (as 
a vector space) and thus finite-dimensional over k. Now let {e,, e2,..., e,} 
be a basis of W” over k. Since W is a submodule of W by Theorem 3(c), 
there exist polynomial functions qi on L (see proof of Proposition 6) such 
that x”u = C;=, q,(x) ei for all x E L. X”U = 0 for all regular elements x of L. 
In other words, each qi vanishes on R, which is a dense subset of L with 
respect to the Zariski topology. Therefore each q, = 0 and thus x% = 0 for 
all x E L. So u E V”. The other implication is obvious. 
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Let x be a regular element of L [3, 1.9.8 and 1, Sect. 2, Definition 21 and 
let L=L’(x)@L+(x) with L’(x)=U ker(adx)” and L+(x)=n im(adx)“, 
where the union, respectively, the intersection, ranges over all nonnegative 
integers n, be the Fitting decomposition of L with respect to x [3, 1.9.61. 
We want to show that every YE L+(x) acts trivially on each VE v”; i.e., 
)‘v = 0 for all y E L+(x) and VE p. We need the following two lemmas, of 
which the first is a generalization of [l, Sect. 1, Proposition lO(ii)]. 
LEMMA 8. If’ S is a subset of L and V is an L module, then 
L”(S) V”(S) c v”+“(S) ,for all functions R and u from S to k. 
Proof: This is an immediate consequence of the following formula: 
[x-(a+p)]“(yv)= f {[adx-cr]ry)(x-/?)Pprv 
?-=0 
which holds for all x, y E L, E, b E k, v E V and for all nonnegative integers p 
and is easily proved by induction on p. 
LEMMA 9. Let H be a split-Cartan &algebra of L (i.e., H is a Cartan 
.&algebra of L such that ad, h is trigonalizahle for each h E H). Suppose x 
is a regular element qf L, belonging to H, and let L = L’(x)@ L+(x) he the 
Fitting decomposition of L with respect to x. Then L’(x) = @ L”(H) where 
the direct sum ranges over all nonzero a E H*. 
Proof: First note that H= Lo(x) [3, Theorem 1.9.91. Let c( E N* be 
nonzero and such that L”(H) # 0. Since x E H, L”(H) is stable under the 
action of ad x, by Theorem 3(c), and (L”(H))‘(x) c Lo(x) n L”(H) = 
Lo(H) n L”(H) = 0. So L”(H) c L+(x) [ 1, Sect. 1, Corollary 2 of 
Theorem 1 ] and @ L”(H) c L + (x), where the direct sum ranges over all 
nonzero CtE H*. Furthermore, dim( @ r fO L”(H)) = dim L - dim H = 
dim L+(x), since L = @ L”(H) where the direct sum ranges over all a E H*, 
and H= Lo(H) [3, Theorem 1.9.3(i) and (iv)]. 
PROPOSITION 10. Let x he a regular element of L and L = Lo(x) @ 
L +(x) the Fitting decomposition of L with respect to x. If V is an L module 
and v E V”, then yv = 0 for all y E L + (x). In particular, I. vanishes on L+ (x). 
Proof: We may assume that v is nonzero. Let k’ be the algebraic closure 
of k and set L’ = L Ok k’. x0 1 is a regular element of L’ [ 1, Sect. 2, 
Proposition 6(i)]. Put H’ = L”(x@ 1). Then H’ is a Cartan subalgebra of 
L’. Take y E L+(x). Then, by [ 1, Sect. 1, Corollary 2 of Theorem 1 ] and 
Lemma 9, 
yEL+(x)cL+(x)@Qkk’=L’+(x@l)=@ L”(H’) 
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where the direct sum ranges over all nonzero u E H’*. So y = x yk for some 
y: E L”(H’) and a E H’* nonzero. As u is nonzero, 3, is a character by 
Theorem 3(a) and UE v”(L)c v”(L)@, k’= V”‘(L’) where 2’ is the 
k’-linear extension of k, by Proposition 6. Put IL= 1,’ I”,. Then u E V’I’( H’) 
and for all nonzero r E H’*, y:u E v’!’ ’ ‘(H’) by Lemma 8. On the other 
hand, V”‘(L’) is an L’ module by Theorem 3(c). Hence y:u E v”‘(L’) c 
V’“(H’). So y;u~ I”!‘+’ (H’) n I”“( H’) and, as CI is nonzero, yku = 0. Con- 
sequently, yv = C y’, u = 0. 
THEOREM 11. Let x be a regular element of L and L = L”(x) 0 L + (x) 
the Fitting decomposition of L with respect to x. Suppose V is an L module. 
If u E V is nonzero, then v E v” tf and only tf 
(i) AE L*, vanishing on L+(x), 
(ii) UE V”(L”(x)), where p= ilt.o,.), 
(iii) yo = 0 for all y E L+(x). 
Proof: First, let u E v”. Then (ii) is clear and, since u is nonzero, the first 
part of (i) follows from Theorem 3(a). (iii) and the second part of (i) are 
consequence of Proposition 10. This settles the first implication. To prove 
the second one, let 0 # u E V satisfy the conditions (i), (ii), and (iii). Since 
[y, h] E L+(x) for all ye L+(x) and all hE Lo(x) [3, 1.9.61, it is easy to 
verify by induction on p that, for all nonnegative integers p, 
y[h-l(h)lP= [h-A(h)lP y+ [h-A(h)lP-’ y, + ... + y, (1) 
in U(L), for some y,, y, ,..., yp~ L+(x). Now, take an arbitrary element 
t E L. We can find elements h E Lo(x) and YE L+(x) such that t = h + y. 
Then by (ii), [h - A(h)lm u = 0 for some nonnegative integer m and, by (i), 
I(t) = J*(h) + 2(y) = A(h). But (iii) and (1) imply that 
[t-A(t)]” u = [(h-A(h)) + y]” u 
=(z,+z,+ ... +z,)u=[h-A(h)]‘=u=O, 
where Z, is the sum of all monomials of length m in [h - A(h)] and y con- 
taining exactly i y’s This shows that v E V”. 
If V is finite-dimensional, condition (ii) in Theorem 11 can be simplified 
by a good choice of a regular element x in L. To prove this, we need the 
following lemma, which is a generalization of [ 1, Sect. 1, Proposition 71. 
LEMMA 12. Let V he a finite-dimensional L module. Suppose A is a 
,function from L to k such that p is nonzero. Put S = {XE L ] V”(“)(x) = 
V’(L)}. If x E L, then denote by P(x) the determinant of the endomorphism of 
V/V” defined by x - A(x). Then 
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(a) cp: L -+ k: x + P(x) is a polynomial function on L. 
(b) S= {x E L 1 P(x) # 0). In particular, S is open for the Zariski 
topology on L. 
(c) IfL is nilpotent, then S is nonempty. 
Proof The proof is completely analogous to that of [ 1, Sect. 1, 
Proposition 71. We may assume that I” # V, since otherwise S= L and 
then the lemma is clear. Since v” is nonzero, II is a character by 
Theorem 3(a) and v” is a submodule of V by Theorem 3(c). This proves 
(a). Furthermore, p: L + gl( V): x + x-J(x) is a Lie homomorphism. 
Considering V as an L module under the representation p, we may 
assume without loss of generality that 2 = 0. If x E L, then p(L) c V’(x) 
and equality occurs if and only if x defines an automorphism of V/V”. 
Hence S = (x E L 1 x defines an automorphism on V/v”} = {x E L 1 
P(x) # 0). This proves (b). Finally, suppose L is nilpotent. Again we may 
consider V as an L module under the representation p and assume that 
/? = 0. Let k’ be the algebraic closure of k and put L’ = L Ok k’ and V’ = 
VOk k’. Since V is finite-dimensional and L’ is nilpotent, 
v’= v.O(L.)@(~, VW) (2) 
for some nonzero pci: L’ + k’ such that V’flJ(L’) is nonzero [3, 
Theorem 1.3.191. Then each pi is a character by Theorem 3(c). Put Uj= 
{x~Ll~~(x)#O~. Then {U,)r=l,...,m is a finite family of nonempty Zariski 
open subsets of L. Since L with the Zariski topology is an irreducible 
topological space, fly=, U, is also a nonempty Zariski open subset of L. 
Now take XE fly=, U;, then pi(x) #O for all i. So, if UE V(x), then by (2), 
there exist unique u. E V”(L’) and uje Vp”(L’) such that u = u. + xy= i u;. 
Since for all i pi(x) # 0 and Va(L’) c v’“l(“)(x), u E I@(x) c v’“(x) implies 
that u, = 0 for 1 < i 6 m and u = u0 E V”(L’) n V= p(L) by Proposition 6. 
Hence p(x) c p(L) or V@(x) = p(L) and x E S. This proves (c). 
PROPOSITION 13. Let V he a finite-dimensional L module. Then for each 
.function 2 from L to k for which V” is nonzero, there exists a regular element 
x of L such that u E V’, tf and only tf 
(i) 2~ L*, vanishing on L+(x), 
(ii) [x - A(x)]” 0 = 0 for some nonnegatiue integer m, 
(iii) yu=O for all yEL+(x), 
where L = Lo(x) @ L +(x) is the Fitting decomposition of L with respect to x. 
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Proof: Let H be a Cartan subalgebra of L. Put p= A),. Define S= 
{h E HI V”‘h’(h) = V”(H)}. By Lemma 12, S is a nonempty Zariski open 
subset of H. On the other hand, the set R of all regular elements of L, 
belonging to H is also a nonempty Zariski open subset of H [3, 
Corollary 1.9.121. Since H with the Zariski topology is an irreducible 
topological space, S n R is nonempty. Take x E S n R, then x is a regular 
element of L, belonging to H and V”-Y)(x) = V(H). Consequently, 
H = L”(x). Theorem 11 now proves the proposition. 
Remark 14. Theorem 11 now enables us to effectively compute the 
weight spaces of an L module V. This is especially the case if V is the 
universal enveloping algebra U(L) of L or its division ring of quotients 
D(L) (see Proposition 17). Due to Theorem 3(b), the set of all 1~ L* such 
that v’ is nonzero coincides with the set of those I. EL* such that V, is 
nonzero. In case V = U(L) (resp. D(L)), we denote this set by ,4(L) (resp. 
An(L)). Note that A,(L) is the additive subgroup of L* generated by A(L) 
[2, Corollary 1.93. Recall that we defined the Jordan kernel Jk( V) of an L 
module V to be the direct sum of all nonzero weight spaces of V with 
respect to L and that the semicenter Sz( U(L)) (resp. Sz(D(L))) is the direct 
sum of all nonzero eigenspaces U(L), (resp. D(L);). 
EXAMPLE 1. Let K be the Lie algebra over [w with basis {x, y, 2) such 
that [x, ~1 = y, [x, z] = C(J) + 2 (x E [w, !x # 0) and [Y, =] = 0. 
A(K) = { rnp 1 m is a nonnegative integer }, 
where p E K* is defined by p(x) = 1 and p(y) = ~(2) = 0. 
and UK),,,,, = RY”‘, 
Jk(U(K)) = RCy, zl and Sz(U(K))=[W[y]. 
EXAMPLE 2. Let L be the Lie algebra over [w with basis {x, y, z, t} and 
nonvanishing brackets [x, y] = z, [t,x]=~x, [t,y]=(l-C()Y and 
[t, z] = z (c( E u-2). 
Case 1. sr#Oand a#l. 
A(L) = {mp (m is a nonnegative integer}, 
where p E L* is defined by p(t) = 1 and p(x) = p(y) = ,u(z) = 0, 
U(L)‘“” = U(L),,, = [Wzm, 
Jk( b’(L)) = Sz( U(L)) = rW[z]. 
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Case 2. ci = 0. 
A(L) = {mplm is a nonnegative integer}, 
where p E L* is defined as in Case 1, 
i 
,,, 
U(L)- = 1 8, ,vY- ’ fi;E [w 
1 I 
and U(L),,,,, = WV’, 
,=O 
Jk(U(L)) = R[g, z] and Sz( U(L)) = rw[z]. 
The case that a = 1 reduces to Case 2 by permuting x and 4’ and by 
replacing 2 by -2. 
EXAMPLE 3. Let M be the Lie algebra over 58 with basis {x, y, z, t} 
such that [x, ~1 =z, [x, t] = t, [r, t] =0 and [z, M] =O. 
A(M) = { mp 1 m is a nonnegative integer}, 
where p E M* is defined by p(x) = 1 and ,u(v) = p(z) = p(t) = 0, 
U(Mp = R[y, z] tm and u(L),,*II = RCZI t”’ 
Jk(U(M)) = WV, z, fl and Sz( U(M)) = R[z, t]. 
EXAMPLE 4. Let N be the Lie algebra over R with basis {x, , x2, x3, x~, 
xs) and nonvanishing brackets [x,, x1] = xs, [x,, x3] = xj and 
C-G, x4] =x4. 
A(N) = {mp + nv 1 m and n are nonnegative integers}, 
where p, v E N* are defined by 
/1(x,)= 1, 4x2) = 1, 
p(x,)=O (i=2, 3,4, 5) 
and 
1 v(x,) = 0 (i’ 1, 3, 4, 5), 
U(N) mfc + )7v = U(N),, + ,,,, = [w [x5] x:x;, 
Jk(U(N)) = Sz(U(N)) = RCx,, x4, x51. 
Remark 15. It is not true that every regular element x of L completely 
determines VA in the way indicated by Proposition 13. Indeed, it follows 
from Example 4 that the choice of x is dependent on A. Suppose V, = 
U,(N) for an integer n > 5 and let /z = 2~ + 3v. First, take x=x, +x2 and 
u = x:x: + x3x:. Then u satisfies the conditions (i), (ii), and (iii) of 
Proposition 13, but [ad x, - A(x = (- l)p xXx: #O for all positive 
integers p, and thus uq! Vi. On the other hand, I = 7.u, + 5x, is also a 
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regular element of N and U( N)‘~“‘(t) = U( Rx, @ [wx, 0 [wx,) x:x: = 
U(N)“(fl(t)), where K = i 1 NO(,). So for all n, V:(‘)(t) = V,“(p(t)) and v E VA 
if and only if the conditions (i), (ii), and (iii) of Proposition 13 are satisfied. 
Remark 16. The following well-known formula holds for all x E L, 
CI, b E k, U, u E D(L) and for all nonnegative integers p: 
[adx-(tl+/I)]P(Uu)= i (F) [adx-cc]‘(U)[ad.x-j]Ppr(u). 
r=rl 
Hence, D(L)’ D(L)p c D(L)‘+” for all 2, p E L* and, as U(L)’ = D(L)” n 
U(L), also U(L)’ U(L)“c U(L)‘+p. Thus Jk(D(L)) (resp. Jk(U(L))) is a 
/i,(L)- (resp. /i( L)-)graded k-algebra. 
PROPOSITION 17. If MI E D(L)’ is nonzero, then w = uv ’ for some non- 
zero elements u E U(L)” und v E U(L), and weights p, v E A(L) such that A = 
u - v. Conversely, if u E U( L)p and 0 # v E U(L),, where u, v E A(L), then 
uv ’ E D(L)“+ “. 
Proof Let w E D(L)’ be nonzero and let W be the L submodule of 
D(L) generated by w. Then W is a finite-dimensional L module by 
Proposition 2. Let I= {U E U(L) 1 W UC U(L)}. It is clear that I is a two- 
sided ideal of U(L). Furthermore, as W is finite-dimensional, there exist 
UI, ~2Y.3 U, E U(L) and 0 # s E U(L) such that W is generated (as a vector 
space) by {u,s~‘,u~s~ ,..,, u,s ‘} [3, 3.6.31. So Sol and Z is nonzero. 
Hence I contains a nonzero semi-invariant v E U(L), for some v E A(L) [7, 
Theorem 111.6; 6, Proposition 3.1; 4, Theorem A]. Hence, WV c U(L) and 
so w=uu- for some UE U(L). Furthermore, u= wv~D(L)‘+‘n U(L)= 
.(LY+v by Remark 16. Put p = 1, + v. Then p E A(L). This settles the first 
part of the proposition. The second part follows easily from Remark 16. 
COROLLARY 18. Let E be the set of all nonzero semi-invariants of U(L) 
PI (i.e., E= U;. U(L)i\(0), h w ere the union is taken over all ;1 E A(L)). 
Then Jk(D(L)) = (Jk( U(L))),, the localization of Jk( U(L)) at the mul- 
tiplicative system E. 
PROPOSITION 19. Let V be an L module. If L has a Cartan subalgebra H 
such that each element h E H acts semisimply on each finite-dimensional sub- 
module of V, then Vi, = V, for all functions 2 from L to k. 
Proof: Let H be a Cartan subalgebra of L such that each element h E H 
acts semisimply on each finite-dimensional submodule of V. We may 
assume that V’ is nonzero. Let v E VA be nonzero. Then v generates a fmite- 
dimensional submodule W = U(L) v of V by Proposition 2, and v E W’. By 
the assumptions, With)(h) = W,,,,(h) for each h E H. In particular, 
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hu = A(h) u for all h E H. Now let x be a regular element of L belonging to 
H and L = Lo(x) 0 L+(x) the Fitting decomposition of L with respect o x. 
Then yv=O for all ye L+(x) and 1 is linear and vanishes on L+(x) by 
Theorem 11. So v E W, c V,, as H = Lo(x), and V’ = V,. 
COROLLARY 20. If L has a Cartan subalgebra H such that ad, h is 
semisimple ,for all h E H, then U(L)” = U(L), for all i E L*. In particular, 
Jk( U(L)) = Sz( U(L)). Furthermore, the same results hold for D(L). 
Proof Since ad, h is semisimple for all h E H, each h E H acts 
semisimply on each element U,(L) of the canonical filtration of U(L) and 
hence also on each finite-dimensional submodule of U(L). So 
Proposition 19 settles the results for U(L). The assertions with respect to 
D(L) then follow from Proposition 17 and Corollary 18. 
Remark 21. (a) If H is a nilpotent Lie algebra and W a finite-dimen- 
sional H module with corresponding representation T: H -+ gl( W), then the 
following two statements are equivalent: 
(i) W is a semisimple H module, 
(ii) z(h) is a semisimple ndomorphism of W for each h E H. 
In that case, r(H) is an Abelian Lie algebra. 
In particular, the condition in Proposition 19 is equivalent to the 
statement hat H acts semisimply on each finite-dimensional submodule of 
I’. Furthermore, the condition in Corollary 20 is equivalent to the 
statement hat H acts semisimply on L and, in that case, H has to be 
Abelian. 
(b) The converse of Corollary 20 and hence also of Proposition 19 
does not hold in general as is shown by Example 4 of Remark 14. Indeed, if 
N is the Lie algebra over [w with basis {x,, x2, x3, x4, x5} and non- 
vanishing brackets [x,, x2] =x5, [x,, xj] = xj and [x,, x4] =x4, then 
Jk( U(N)) = Sz(U(N)) = lR[x,, x4, x,]. But each Cartan subalgebra H of L 
is a vector space direct sum of the form H = Iw(x, + ax3) 0 [w(x, + Bx4) 0 
aBx, (a, BE [w) and hence non-Abelian, as [x, + ax,, x2 + /Ix41 = x5, 
COROLLARY 22. Let L be a reductive Lie algebra. If P is a parabolic sub- 
algebra of L, then U(P)” = U(P), f or all functions A from P to k. In par- 
ticular, Jk( U(P)) = Sz( U(P)). Furthermore, the same results hold for D(P). 
Proof: Let H be a Cartan subalgebra of P. Then H is a Cartan sub- 
algebra of L [ 1, VIII, Sect. 3, Proposition 31. As L is reductive, ad, h is 
semisimple for all h E H [ 1, Sect. 2, Theorem 21. But then ad, h is also 
semisimple for all h E H. Corollary 20 then settles the claim. 
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PROPOSITION 23. Zf L is the direct product of the Lie algebras 
L,, L2Y.5 L,, then for each iEL*, U(Ly= U(L,)“(L,)@, 
U(L2)1z( L2) Ok. . Ok U(L,)“n( L,,) where each li = I I L,. Moreover, 
Jk(u(L))=Jk(u(L,))Q,Jk(u(L,))Q,-’. Qk.wULJ). 
Proof: First note that we may identify U(L) with U(L,)@, 
W,) Ok.. . Ok U(L,) [3, 2.2.131. Furthermore, it is sufficient o prove the 
proposition for n = 2. So let L = L, x L, and U(L) = U(L,) Ok U(L,). Sup- 
pose UE U(L)” for some 1~ L*. If {bijlE, is a basis for U(L,) (as vector 
space) over k, then u has a unique expression of the form u = xi,, ui@ bi 
where each U, E U( L,) and with only a finite number of nonzero terms. 
Since L, and L, commute, [adxr-A(x,)ljPU=C,.,[adx,- 
A(~~)]~(u~)@b~ for all x, E L, and all nonnegative integers p. Hence, 
[adx,-A(x,)lPU=Oifandonlyif [adx,-I(x,)]PU,=OforalliEZ. 
So UE U(L,)“(L,)@, U(L,). By a similar argument UE U(L,)Ok 
U(L,)“2(L,). But then UE U(L,)“l(L,)@, U(L,)“*(L,). Thus, U(L)’ c 
U(LI)“(L,)Ok U(L,)“2(L,) and, as L, and L, commute, equality occurs. 
This settles the first assertion. Now let u E Jk( U(L, )) and v E Jk( U(L,)). 
Then u = 1 ulk (resp. v=CvlJ where each U;,E U(L,)“l(L,) (resp. 
u)., E U(L2)i2(L2)) and with only a finite number of nonzero terms. So 
u~II=~~~,,~~u~,,~v~~. For each I,ELT and A,EL~, define E-EL* by 
I-IL, = I., and ,IIL1 = i,. Then for each I, and Al, uj,,@viz~ U(L,)‘l(L,)@, 
U(L,)A2(L,) = U(L)” by the preceding. So u @ v E @ U(L)” = Jk( U( L)). 
Consequently, Jk( U( L, )) ok Jk( U( L,)) c Jk( U(L)). The other inclusion is 
clear by the first part of the proposition. 
LEMMA 24. Let L be a nilpotent Lie algebra and V an L module such 
that V is the union of finite-dimensional trigonalizable submodules Vi, iE I. 
Then .Zk( V) = V. 
Proqf Let VE V. Then UE Vi for some ig I. Let r: L -+ gl( V) be the 
representation corresponding to V as L module. Since L is nilpotent and 
T(X) I v, is trigonalizable for all XE L, Vi= @,“=, Vf for some functions 
lj: L --t k such that V+ is nonzero. Since V$ c V’f for all 1 <j< m, 
UE By=“=, VA) and thus VC @ 1/“=Jk(V). 
COROLLARY 25. Let L be a nilpotent Lie algebra. If U(L)” is nonzero, 
then A = 0 and U(L)” = U(L). 
Proof: Since L is nilpotent, each ad x acts locally nilpotently on U(L). 
Hence U(L) = U(L)‘. 
Remark 26. Lemma 24 does not hold for arbitrary L modules V. 
Indeed, if L is a non-Abelian nilpotent Lie algebra, then D(L) does not 
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satisfy the condition of the lemma. In fact Jk(D(L)) = D(L)‘= 
WL)Z(.(L,,, {Of $i D(L) by Corollary 18. 
THEOREM 27. Let V he an L module. If x is a regular element qf L and 
L = Lo(x) @ L + (x) is the Fitting decomposition of L with respect to x, then 
Jk(V)c{v~V~yv=Oforally~L~(x)}(*).Moreover,z~VisanLmodule 
with corresponding representation Z: L + gl( V) such that V is the union of 
finite-dimensional submodules Vi, i E I, and if r(h) Iy, is trigonalizable for all 
h E Lo(x) and for all i E I, then equality occurs in (*). 
Proof Denote {UE VIyv=O for all yEL+(x)} by W. Jk(V)c W is a 
consequence of Theorem 11. To establish the other inclusion, put 
H = Lo(x). Then H is a Cartan subalgebra of L. Since H is nilpotent and 
t(h) I v, is trigonalizable for all h E H and ie I, V= @ V@(H) where the 
direct sum ranges over all p E H* such that VP(H) is nonzero, by 
Lemma 24. Let v E W. Then u = C up where up E Vfl( H) for all p and finitely 
many v,‘s are nonzero. Now let k’ be the algebraic closure of k and put 
L’= LO, k’ and V’= VOk k’. Then H’= HOk k’ is a Cartan subalgebra 
of L’ [3, Proposition 1.9.21 and x@ 1 is a regular element of L’, belonging 
to H’. If v,, is nonzero, then up E V&‘(H) c V”(H) Ok k’ = V’“‘( H’) where ,u’ is 
the k’-linear extension of .u, by Proposition 6. On the other hand, u E WC 
Wok k’ = {v’ E v’ 1 y’u’ = 0 for all y’ E L’ + (x 0 1 )}. Since k’ is algebraically 
closed, L’ + (x @ 1) = @ L’,(H’) where the direct sum ranges over all non- 
zero CI E H’*, by Lemma 9. Hence CA1 y:vF = yhv = 0 for all nonzero a E H’* 
and y; E L”(H’). But yjuU E V ‘U’+‘(H’) for all a E H’* and y: E L’“(H’), by 
Lemma 8, and, as the sum of the V”(H’) is direct, this implies that yj,v,, = 0 
for all yj, and vi,. Since L+(x)c Lf(x)Ok k’= L”(x@ l)= @ L’“(H’), 
each nonzero vI, belongs to V”(H) n W= V’ where 1 E L* is defined by 
;llH=p and AIL+,rj= 0 by Theorem 11. So u=Cv,,~@ p=Jk(V). 
COROLLARY 28. If L has a split-Cartan subalgebra H (i.e., H is a Cartan 
subalgebra of L such that ad, h is trigonalizable for all h E H) and x is a 
regular element of L belonging to H, then Jk(U(L))= C(L+(x)), the cen- 
tralizer of L+(x) in U(L). 
Proof This follows immediately from Theorem 27, since the condition 
that z(h) I v, is trigonalizable for all h E H and iE Z, is equivalent to the 
statement that L has a split-Cartan subalgebra, if V= U(L). 
Remark 29. (a) If k is algebraically closed, the condition (T) that 
T(h) 1 ,,, is trigonalizable for all h E H and i E I in Theorem 27, is satisfied for 
each Cartan subalgebra H of L. In particular, if k is algebraically closed, 
then Jk( U(L)) = C(L+(x)) for each regular element x of L. 
WEIGHT SPACES AND JORDAN KERNEL 41 
(b) The condition that V is the union of finite-dimensional sub- 
modules is necessary. Indeed, as it is noticed by Remark 26, if L is a non- 
Abelian nilpotent Lie algebra, then D(L) does not satisfy this condition. In 
that case, L+(x)= (0) f or all regular elements x of L and hence W= D(L). 
But Jk(D(L))=D(L)‘= U(L),(c,(,,,> ioi s D(L)= W by Corollary 18. 
(c) The condition (T) is necessary, since in general, not every weight 
of v’ with respect to L’ is a P-linear extension of a weight of V with respect 
to L and hence (0 V”) Ok k’ $ @ V”l= Wok k’, where k’, L’, and V’ are 
as in the proof of Theorem 27. Indeed, consider the Lie algebra L over iw 
with basis {x, y, z} such that [x, y] = -z, [x, z] = y and [y, z] = 0. Sup- 
pose V= U(L). L has no split-Cartan subalgebra and hence, the condition 
(T) is not satisfied by the proof of Corollary 28. Furthermore, x is a regular 
element of L, H = Lo(x) = Rx is a Cartan subalgebra of L and L+(x) = 
[wy @ [wz. So W = [w[y, z]. As @ is the algebraic closure of [w, H’ = Cx is a 
split-Cartan subalgebra of L’ and L’+ (x @ 1) = Cy @ Cz. Then A(L’) = 
{ mv’ 1 m is an integer } where v’ E L ‘* is defined by v’(x) = i and v’(y) = 
v’(z) = 0. Furthermore, U( L’)” = U( L’)A^. for all %’ E ,4( L’) and @ U( L’)” = 
@ U(L’),.=C[y, z] = W@, @. On the other hand, ,4(L)= (0) and 
@ U(L)“= U(L)‘= U(L),=Z(U(L))=R[y2+z2]. So Jk(U(L))= 
R[y2+z2] !$ R[y, z] = w. 
PROPOSITION 30. Let L, be the intersection of the kernels of all A E A(L). 
If L has a split-Cartan subalgebra (e.g., if k is algebraically closed), then 
Z(U(L,))= 0 CUL)AnZ(U(LA))I h w ere the direct sum ranges over all 
1, E A(L). In particular, Z( U(L,,)) is a A(L)-graded k-algebra. 
Proof: Let H be a split-Cartan subalgebra of L and x a regular element 
of L belonging to H. Suppose L = L’(x)@ L+(x) is the Fitting decom- 
position of L with respect to x. Then L+(x)c [x, L] c [L, L] c L, c 
U( L,), since each ,? E A(L) is a character by Theorem 3(a). By Theorem 11 
and Corollary 28, z(u(L,))cc(u(L,))cc(L+(x))=Jk(u(L))= 
@ U(L)” where the direct sum ranges over all 2 E .4(L). Now let 
v E Z( U(L,)), then u has a unique expression of the form v =x vi where 
vi E U(L)” for each i E A(L) and with only a finite number of nonzero 
terms. Since VE Z(U(L,)), C [y, vi] = [y, u] = 0 for all y E L,. Further- 
more, each [y, u,] E U(L)“, since U(L)” is an L module by Theorem 3(c). 
As the sum of the U(L)” is direct, [y, vi] = 0 for all A E A(L). Hence, 
vn~C(L,)=C(U(L,)) for all LEA(L). But as Sz(U(L))cU(L,) [2, 
Theorem 1.193, C( U(L,)) c C(Sz( U(L))) = U(L,) by [2, Corollary 1.161. 
So C( U(L,, )) = Z( UL,, )I and, as the other inclusion is obvious, 
C(U(L,))=Z(U(L,)). Therefore v~,EC(U(L,))=Z(U(L,)) for all 
1 E A(L) and hence v = C v1 E @ [U(L)” n Z( U(L,))]. Furthermore, 
Z( U( L, )) is a /1( L)-graded k-algebra by Remark 16. 
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COROLLARY 3 1. Suppose L has a split-Cartan subalgebra (e.g., if k is 
algebraically closed). If Jk( U( L)) = Sz( U( L)), then Sz( U(L)) = Z( U( L,)). 
ProoJ This follows immediately from [2, 1.19(l)] and Proposition 30, 
as Sz(U(L))cZ(U(L,))cJk(U(L))=Sz(U(L)). 
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